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Abstract 

We construct a new class of manifest £7(7) duality invariants, which generalize the 
Cartan quartic invariant, familiar from studies of the black hole entropy. The new ones, be- 
ing four-linear, are designed for studies of the four-vector amplitudes and to be used, upon 
supersymmetrization, as initial sources of deformation for the non-linear higher-derivative 
generalizations of the linear twisted self-duality condition. We show, however, that the new 
invariants are inconsistent with the expected UV divergent amplitudes in extended super- 
gravities with non-degenerate duality groups of type E7. When £7(7) degenerates into U(l) 
the new invariants reproduce the recently discovered source of deformation for the Born- 
Infeld duality invariant model with higher derivatives relevant to UV divergences of the D3 
brane action. These facts may explain the UV properties of perturbative supergravity. 
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Introduction 



The new wave of the interest in extended supergravity is due to a cancellation, unexpected by 
most supergravity experts, of the 3-loop and 4-loop UV divergences in J\f = 8 Q3 12] and 3-loop 
in A7 = 4 [|3] H. J\f — 8 supergravity has an E 7 ( 7 ) duality symmetry discovered by Cremmer 
and Julia [|31[6]|. The dualities of the M > 2 supergravities were first studied by Gaillard and 
Zumino from a general point of view in [0 where it was shown that these symmetries require the 
conservation of the Noether-Gaillard-Zumino (NGZ) current and, equivalently, the fulfillment 
of the NGZ identities. These identities were studied with respect to J\f = 8 supergravity in 
(H, where it was shown that adding the higher loop counterterms to the action would break the 
£7(7) NGZ current conservation. It was, however, suggested by Bos sard and Nicolai BH that the 
problem may be cured by adding some extra terms, in addition to the counterterm, so that the 
NGZ current conservation is restored. 

The original proposal to deform the linear twisted self-duality condition made in [9] was 
studied in iTTOl and was shown to be incomplete: it required a significant generalization even to 
derive the familiar Born-Infeld model by this method. A generalized procedure for deriving new 
models with duality symmetry was proposed and developed in [fTOTl . It turned out to be useful to 
construct new duality-invariant models such as a Born-Infeld-type model with higher derivatives 
ifTTTl and new Af = 2 £7(1) gauge theories lfl2l . 

To apply the generalized procedure of deformation of the linear twisted self-duality condition 
ll9l[T0ll to J\f = 8 supergravity it is necessary to find an initial source of deformation which 

1. is manifestly £7(7) -invariant. This requires the simultaneous use of the 28 vector fields 
present in the action and the 28 dual vector fields, associated with the derivative of the 
action over the vectors, combined in doublets which transform in the fundamental (the 56) 

Of £7(7) . 

2. constrained by the linear twisted self-duality condition, should match the candidate UV 
divergence. In M = 8 supergravity we should compare it with the corresponding 4- vector 
amplitude El [Hi. 

While the construction of initial sources of deformation with these properties is possible at a 
bosonic level, we will show that such invariants cannot exist in the geometric N = 8 superspace 
construction of [fT5llT6ll : relaxing the linear twisted self- duality condition violates the superspace 
Bianchi identities because the doubling of vector field degrees of freedom (from 28 to 56) is not 
possible in the framework of the superspace, where there is only one superfield and its derivatives 
lfT5l[T6l . A more general superspace or component construction which may accommodate this 
doubling of vectors still has to be produced. 

We leave this as an open issue and proceed to do what can be done with the available tech- 
niques, namely to construct new bosonic £7(7) invariants from fundamental vector field doublets. 
Notice that £7(7) invariants constructed only of fundamental vector field doublets are rare! The 
one we need, actually, had not yet been constructed and we will do it here. 

If we were able to find the proper bosonic £7(7) invariants, we would have to supersym- 
metrize them. But, as we will show, the obstruction for the amplitudes will show up already at 
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the bosonic level, so there will be no need to look for the supersymmetric version of the new 
invariants, at least with regard to the UV divergence analysis. 

The groups of type £7 ifTTl are groups of linear transformations leaving invariant two mul- 
tilinear forms: a skew-symmetric bilinear and a symmetric four-linear forrro £7(7) is the prime 
example of these groups. By definition, two invariants of the groups of type £7 can always be 
constructed using only objects in the fundamental representation (fundamentals): the bilinear 
symplectic, antisymmetric, and the four-linear one, which is symmetric. When all the funda- 
mentals are identical, the would-be quadratic invariant vanishes due to antisymmetry and the 
four-linear invariant gives a quartic invariant. 

The familiar Cartan-Cremmer- Julia quartic invariant [|20] HI of £7(7) which plays a significant 
role in describing N = 8 black-hole entropy and its relation to quantum entanglement of qubits^ 
is a particular example of this mechanism. It can be obtained from the four-linear invariant of 
£7(7), whose structure is based on exceptional Jordan algebra J® s over the split octonions O5 
[|23ll24l . This four- linear invariant of £7(7) will be used in what follows to construct new £7(7) 
invariants relevant to amplitudes and counterterms. When the duality group reduces to U(l) 
these new invariants will reduce to the ones identified in the recently constructed Born-Infeld 
models with higher derivatives IfTTl . We will then compare these new £7(7) invariants with the 
UV counterterms of J\f = 8 supergravity Il25l . 

In particular, we will compare the answer with the expression for the 4-point vector amplitude 
in N = 8 supergravity. Since it is the MHV amplitude, it predicts the structure of the UV 
divergences in the 4- vector sector, starting from the 3-loop level, as shown in IfTBI . The analogous 
explicit contribution to the 4- vector 3-loop UV divergence was obtained in lfT4l . All we have to 
do is to take our new manifest £7(7) invariant defined as a functional of the 4 fundamentals 56 
(at each of the 4 momenta pf), compute its value when imposing the linear twisted self-duality 
constraint and compare with the 4-point MHV vector amplitude. We will find that, as long as we 
consider a non-degenerate case of groups of type E7, the invariants disagree with the expected 
UV divergences of the 4- vector amplitudes. Meanwhile, for the case of degenerate groups of 
type E7, the invariants may agree with the expected UV divergences of the 4- vector amplitudes. 
Specifically, in the U{\) duality case our reduced invariants do reproduce the first loop UV 
divergence of the D3 brane action computed in fl26l and the 1-loop UV divergence of the J\f = 2 
supersymmetric Born-Infeld action computed in [f27l . 

Various aspects of £7(7) symmetry with regard to perturbative N = 8 supergravity were 
studied before Il28l - ||29l and some of these results will be used here. 

This paper is organized as follows: in Section \T\ we introduce the graviphoton field strength 
of J\f = 8 supergravity, Tu ^ and we discuss the possible construction of manifestly duality- 
invariant initial sources of deformation of the linear, twisted, selfduality constraint using Tu ^ 
or using the vector field strengths in the fundamental of £7(7) . We argue that with the current 
superspace techniques (the argument is explained in detail in Appendix lAl). such a construction is 
only possible using the latter. Section |2]is devoted to the general construction of £7(7) invariants 
of the electric and magnetic charges (up to fourth order in charges), which also fill a fundamental 

3 See lfT8l[T9l for recent applications of this concept in Physics. 
4 See, for example, ED - E2l . 
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representation of that group. We study the cases of a single charge and of four different charges 
and discuss the uses of these invariants in (extremal) black-hole physics. This section can actually 
be understood as a preparation for Section |3]in which, using the £7(7) invariants just constructed 
we construct new candidates to £7(7)- and Lorentz-invariant initial sources of deformation and 
scattering amplitudes, showing that those computed in the literature disagree with them. In 
Section |4] we study the reduction of the invariants to smaller duality groups. Finally, we discus 
our results in Section [5] The Appendices [B] and C contain complementary information on the 
Green-Schwarz tensor and on the split octonions, respectively. 



1 The strategy: graviphoton, scalars and vectors 
1.1 The graviphotons of J\f = 8 supergravity 

The relevant sector of the Lagrangian of J\f = 8, d = 4 classical supergravity^ is 

L = 2^^^^ - 2KeA/\ E FV£ S ^ , (1-1) 
where F is the Hodge dual of F, defined in Eq. (IB. 1 1) . A/as is the scalar-dependent period matrix 



(whose definig property is given in Eq. (11.61 ) below) and where the indices A, E = 1, • • • ,28. 
Later on, each of these indices will be replaced by an antisymmetrized pair of indices i,j = 
l,---,8. 

The electromagnetic dual of F A (magnetic field strengths) G\ are defined by 

BL 

£V = -\qpk^ = -ShiAasFV + Aa S F s ^ , (1.2) 

or, equivalently, 

G A + =A7 AE F S+ . (1.3) 

In most of what follows we will consider F A and G\ as independent variables. In particular, 
this will mean that the G\ are independent of the scalars and Eq. (11.31 ) is not satisfied. The 



dependence will be reintroduced only after imposing the constraint Eq. (11.31) . known as linear 
twisted self-duality constraint. Observe that, given the definition of the magnetic field strengths 
Eq. (11.21) this constraint contains information enough to reconstruct the Lagrangian Eq. (11. It . 

With these field strengths we can construct a 56-dimensional real symplectic vector of field 
strengths 

J=(^ A ). (1.4) 



G 



A 



that transforms in the 56 of £7(7) C 5p(56, 

The scalars of the theory are described by the symplectic section 



h 



AIJ 



Vu= I { U ] , (1.5) 



5 Here we follow the tested conventions of Ref. 1 30 1 essentially taken from Ref. BP and introduce the notation 
and the main definitions we are going to need. 
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where I, J = 1, • • • , 8 are an antisymmetric pair of indices that are raised and lowered by com- 
plex conjugation. The period matrix is defined by the property 

h A ij = Af A ^ij. (1.6) 

The components of the section Vu are related to the components of the coset representative 

, v f A T C-C T A = 0, 

r= ^ n G £777) /SU(8) C Sp(B6, M) , =^ B T D-D T B = 0, (1.7) 



28x28 



by 

/ = ^(A-zfl), h = ^(C-iD). (1.8) 

This relation of the components of the section V/j with the components of the symplectic 
£7(7) / SU (8) coset representative imply the constraints^ 

(Vu I V KL ) = -2i8 u KL , (Vu I V K l) = . (1.10) 

It also implies that, when we perform a global £7(7) transformations that acts linearly on the 
A, £ indices, we have to act linearly with a SU(8) compensating transformation (sometimes 
called "local" because they depend on the scalar fields) on the indices I, J, . . .. Thus, the indices 
I, J, ... are referred to as SU(8) indices. There is another, completely different kind of SU(8) 
indices that will enter the game later on and that will be denoted by indices A, B,C, . . .. 
The graviphoton field strength is defined by 

Tu = (Vu I F) , (1.11) 

and its self- and anti-selfdual parts, defined in Eq. (IB .21) are 

T IJ ± = (Vu\J r± ). (1.12) 

They all transform under compensating SU (8) transformations only. Since the SU{8) tensor Tu 
is complex, we have 

T IJ± =jTuT). (1.13) 

Finally, the linear twisted self-duality constraint Eq. (II .31) . is equivalent to the vanishing of some 
of these objects: 

T U+ = JT)]=) = 0. (1.14) 
This vanishing has important implications. Using the Maurer-Cartan equations 

®Vu = \VuklV K \ (1.15) 



6 For the symplectic product ( | ), we use the convention 

(A I B) = B A A A - B A A A . (1.9) 
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where T) is the S'[/(8)-covariant derivative and Vukl the Vielbein 1-form on the scalar manifold, 
and the definition of the graviphoton field strength (11.111 ) we find 



KT IJ = \V IJKL NT KL , (1.16) 

and its complex conjugate. 

1.1.1 Manifestly E 7 (j) -invariant terms from graviphotons 

Since, as we have stressed above, the graviphoton field strength Tj j (QTTTJ) only transforms under 
the induced SU (8) compensating transformations which act linearly on the indices I, J, ■ ■ ., it is 
trivial to construct terms which are manifestly invariant under the full E 7 ^ group by contracting 
all the SU(8) indices in the standard way. On the other hand, in classical J\f = 8 supergravity 
the linear twisted self-duality constraint Eq. (11.141 ) is valid by construction and the only available 
non- vanishing tensors that we can use are T IJ ~ and its complex conjugate Tjj + . 

In the context of the deformation procedure [|9] [10l QT] [12] the linear twisted self-duality 
condition Eq. (11.141) has to be deformed to accommodate the counterterms. A priory, one may 
consider two possibilities for the initial source of deformation X from which the counterterms 
are derived by an interative procedure: 

1. X(F, G; <p) = X(T) depends on the graviphoton and its 5'f/(8)-covariant derivatives. In 
particular, this is a property of the counterterms constructed in ll25l . The initial source of 
deformation X must be a manifestly Lorentz- and E 7 r 7 \ -invariant expression depending on 
the fundamental vector doublet T = (F, G) via the graviphoton components T ij ~,Tjj + 
which do not vanish at the linear level. 

Given that initial source of deformation one defines the deformed twisted self-duality con- 
straint 



IJ+ 5X(T) 



which can be solved by iteration. At the lowest (linear) order the r.h.s. of this expression 
vanishes and one recovers the linear twisted self-duality constraint Eq. (11.141) . At higher 
orders the r.h.s. produces non-linear deformations of that constraint. Just as the linear 
constraint contains enough information to resconstruct the Lagrangian Eq. (11.11 ). the non- 
linear deformations lead to Lagrangians with terms of higher orders in the graviphoton 
field strength. 

2. X(F, G) depends only on the £7(7) fundamental vector field strength doublet T = (F, G). 
In such case, the deformation procedure may be described as the duality covariant variation 
of X(F, G) over the doublet, using the scalar-dependent metric, as proposed in [|9]|. 

Our first step is to prove that the first possibility encounters an obstruction. We will find that 
the supersymmetric version of the linear twisted self-duality condition (11.141) is required for the 
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Bianchi identities of the superspace [fT51 [T6ll where the invariants are constructed. In particular, 
we will focus on the superspace solution of Bianchi identities^] 

F aa,W,Ij( X > °) = -iea/3 M *Pv( x , d ) ~ ie apN &plJ {x, 9) , (1.18) 

which allows, in principle to have a 56-component vector doublet (M a pu, N a p IJ ) and the con- 
jugate one (M^p, N^gjj), since where there are 28 vectors in M and 28 in N. However, the 
superspace integrability condition for the existence of the supervielbein that relates E 7 ( 7 ) to 
SU(8) in the form 

R*j(x, 9) = -lV IKLM (x, 9) A Vjklm(x, 9) , (1.19) 

requires that the second part of the vector multiplet, N^j, N & p XJ is constrained to be a bilinear 
of the fermion superfields and cannot be independent 

N'Jix, 9) = -±e IJKLMp Q R XKLMaXPQR p(x, 9) . (1.20) 

Therefore, the existence of the scalar field-dependent sections of an Sp(56, R) bundle over the 
E 7 (j)/ SU (8) coset space h\jj((p) and f A u(4>) would be inconsistent with supersymmetry if the 
vectors were doubled, which requires the superfield N^jj to be independent. We provide the 
derivation of this assertion in Appendix A. 

The observation above precludes the deformation procedure [|9l [TOl QTl [T2J] for making con- 
sistent J\f = 8 supergravity^l with counterterms, since the cornerstone of this procedure is the 
source of deformation depending on unconstrained doublet of £7(7). There is no such scalar- 
dependent graviphoton superfield doublet in superspace f[T5l[T6l and the alternatives are also not 
available, at present. 



1.2 £7(7) invariants from fundamentals 

Here we will construct the £7(7) invariants relevant for the amplitudes in J\f = 8 supergravity. 
Since £7(7) acts on the doublet linearly and there are no scalars with their shift symmetry, we 
are just looking at the 4-vector local invariants/amplitudes. The two major ingredients in our 
construction are: 

1 . The Giinaydin-Koepsell-Nicolai construction of the four-linear invariant of £7(7) based on 
exceptional Jordan algebra J 3 s over the split octonions Og ll23l . The symplectic invariant 
and the triple Jordan product will be used to produce an eighth-rank Lorentz tensor 

•^(8) \3~ 1 \i\v\ 1 J~2[i2V2 ) ^3 ^3 U3 1 -7*4 ^41/4) 1 (1-21) 

antisymmetric in each pair of indices fiiUi, with I = 1,2, 3, 4, and symmetric under the 
exchange of such pairs. Each of the four entries is a fundamental 56 taken at one of the 

four momenta, J 7 /^ = (F l *ii V (pi), Gij^ v {pi) \ so J( 8 ) must be associated to the 4-vector 
amplitude depending on 4 momenta pj. 

7 The SU (8) indices that we denote by J, J, . . . in this paper are denoted by i,j, ... in lfT51fT6l . 

8 At least with means available. New constructions may change the situation in the future, if successful. 
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2. The Green-Schwarz eighth-rank tensor (a symmetrized sum of products of four Kro- 
necker <5's 11441 which provides the kinematic factor of the open string tree-level 4-point 
amplitude and has the same index symmetry as J(8)). We will use it here to construct an 
EV(7)- and Lorentz-invariant object from the £7(7) -invariant tensor J( 8 ) by contrating both 
tensors. We will also introduce some function of Mandelstam variables, so our candidate 
for initial source of deformation takes the general form@ 

t^- J m f(s,t,u). (1.23) 

We will compare this proposal with the expression for the 4-point vector amplitude in J\f = 8 
supergravity. Since it is the MHV amplitude, it predicts the structure of the UV divergences 
in the 4- vector sector, starting from the 3-loop level, as shown in IfTBl . The analogous explicit 
contribution to the 4-vector 3-loop UV divergence was obtained in lfl4l . All we have to do is to 
take the new manifest £7(7) invariant defined as a functional of the 4 unconstrained fundamentals 
56 (at each of the 4 momenta pj) given above, compute its value when imposing the linear twisted 
self-duality constraint, and compare with the 4-point MHV vector amplitude. 

In this comparison we will find a discrepancy. As will review in the next section, the four- 
linear invariant in the complex (SU(8)) basis consists of 3 terms. Each of them is manifestly 
invariant under the SU(8) subgroup of£ 7 ( 7 ) which acts diagonally in the complex basis. How- 
ever, the invariance under the off-diagonal part of £7(7) is only achieved when those 3 terms 
are combined with very specific coefficients. In the simplest case, when there is only one 56, 
{Fab, F ), the four- linear invariant reduces to the Cartan-Cremmer- Julia [5 J quartic invarian 

OOF) = Tr 5C/(8) (FFFF) - \ [Tr 5C/(8) (FF)] 2 + ±Pf 5l/(8) ||F|| + |Pf S[ /( 8 ) ||F|| , (1.24) 

and the specific coefficients are —1/4, 1/4, 1/4. In our case, each of the 4 factors F is taken at 
different momentum and we form a Lorentz scalar as a product of two Lorentz eight-tensors, but 
the structure is analogous to (11.241 ): we have SU (8) traces of 4 operators, squares f the traces of 
2 operators and Pfaffian. 

When we will construct our new manifest £7(7) invariant designed for the initial source of 
deformation of the linear twisted self-duality condition, we will first test it when the linear twisted 
self-duality condition is imposed. We will find that the Pfaffians vanish but the Ti sues) {TTTT) 
and [Tr,s;y( 8 ) (FF)] terms will appear with a relative factor which is not just —1/4, but a non- 
trivial function of the Mandelstam variables ( at f su ). This factor breaks £7(7) symmetry. This 
also implies that the counterterms are £7(7) -invariant only when the linear twisted self-duality 
condition is valid. 

Meanwhile, in case of U{1) duality, one finds the initial source of the deformation manifestly 
U{1) invariant in all cases studied in fTTOl ITT1 fT2l . One finds that this symmetry takes place 

9 When we use the complex basis, that will be introduced in the next sectoin, it will take the form 

*( 8 )-0 (8) /(M,u). (1-22) 

10 We ignore here the Lorentz indices of the vector field strengths, which do not play any role in this discussion. 
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independently as to whether the linear twisted self-duality constraint is imposed or not. This 
made it possible to develop the proposal of [9 | for all U(l) models and it was possible to produce 
novel models with a consistent NGZ £7(1) current conservation, which was done in iflOlfTTlflZl . 

Below we will show that the UV divergences in J\f = 8 supergravity starting from the 3-loop 
level would break the E 7 r 7 \ current conservation. We will show that the procedure proposed in 
AH, as different from the U(l) models, cannot be improved. It is inconsistent with the structure of 
the four- linear invariant of £7(7) based on exceptional Jordan algebra J® s over the split octonions 



£7(7) invariants and J\f = 8 black holes 



2.1 Charges 

Here we review, for the sake of completeness and as an introduction to the constructions that 
we will present later, several well-known results and concepts related to the entropy of the black 
holes of N = 8 supergravity. 

Objects transforming in the fundamental (i.e 56) representation, such as the fundamental 
vector doublets T discussed before, can be written in two different bases. In the first basis, T 
consists in a pair of real, antisymmetric, independent tensors F u and , i,j = 1, • • • ,8 and 
the action of £7(7) embedded into Sp(56, R) is given by 

l r =l (%) = (M 2A s t;,)(f y (2..) 

where the are infinitesimal transformations of the maximal, (non-compact) subgroup SL(8, R) 
(i.e. A\ = 0) and where the off-diagonal infinitesimal parameters satisfy 

i™ and Gij transform separately contravariantly and covariantly, respectively, in the 28 of 
SL(8, R). Together, they transform as components of a symplectic vector in the 56 of E 7 t 7 \ C 
5p(56,R). 

In the second basis T is written as a complex, antisymmetric tensor with components Tab 
transforming infinitesimally under E 7 ^ as 

5T AB = +2M\T CIB] +^ ABCD Tab, 

(2.3) 

8 Tab = —^ c \a\Tc\b] + ^abcdT , 

Here, the A A b are infinitesimal transformations of the maximal, compact subgroup SU(8) (i.e. A 1 1 
0) and where the off-diagonal infinitesimal parameters Tiabcd satisfy the complex self-duality 
condition 

-ABCD 1 ABCDEFGHs 



y^ABCD) = — T\ £ Z-'EFGH ■ 
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Thus Tab transforms in the 28 of SU (8). 

The A and £ transformations in one basis are a combination of the A and £ transformations 
of the other one, but it is a remarkable fact that, algebraically, they appear in a very similar 
way in both cases. This means that, if we construct an £7(7) invariant in the SL(8, M) basis, we 
can immediately write another one (not necessarily equivalent) in the SU (8) basis by formally 

AB 

replacing everywhere the components G^- by Tab and the components F iJ by T 
The relation between the components of X in both bases is 

T AB = ^ (F ij - iG i3 ) V^ab , (2.5) 

where the P J 's are the 5*0(8) gamma matrices. 

Let us consider the charges of the theory. Associated to the electric and magnetic field 
strengths F lj and G^ we have as many magnetic and electric charges resp. p lj and q^ defined by 

P IJ = [ , qij = [ G l3 , (2.6) 
Js 2 Js 2 

that we can combine into a real, symplectic, charge vector 

es (£)- (2 - 7) 

which will transform in the 56 £7(7) C Sp(5Q, M)). This object occurs naturally in the SL(8, R) 
basis, but we can rewrite it in the SU (8) basis using the above formulae 

Q AB = ir 2 (P t3 - iQij) F ij AB ■ (2.8) 

This object is sometimes written in the literature as Z AB , which seems to suggest that it is the 
central charge of the theory, which it is not since, in particular, it is moduli-independent (hence 
the change of notation). The central charge of the theory is a moduli-dependent quantity given 

by 

ZM, Q) = (Vu I Q) = \ {p ij h ijU - <!„.(",.,) , (2.9) 

and only transforms under induced SU (8) transformations. Its value at spatial infinity is the 
(magnetic) charge of the graviphoton 

Zijoo=Zij(<Poo,Q)= [ T u . (2.10) 

2.2 Invariants 

Let us now consider the invariants that can be constructed with the charges. The symplectic 
product of two fundamentals in the real basis 

(Qi I Q2) = ~\ [Tr 5L(8iR) (pa • qi) - Tr 5L(8)R) {p 1 ■ q 2 )] , (2.11) 
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where 

Tr 5L ( 8iR )Go • q) = p lJ qji , (2.12) 

is automatically £7(7) invariant since £7(7) acts as a subgroup of Sp(56, E) but it vanishes 
identically for a single charge Qi = Q 2 due to its antisymmetry. There are no other moduli- 
independent quadratic invariants. 

Let us consider the quartic invariants of a single fundamental Q. Cartan's quartic £7(7) in- 
variant J 4 (<2) [HOI is given in the SL(8, R) real basis by 





Ttsl(8,r)G»- q) 


2 + |Pf| 




l + |Pf|bll, 



(2.13) 



where 

Tr 5 L( 8 ,R) (p-q-p-q)= p ij qjkP H qu , (2.14) 

and where Pf stands for the Pfaffian of an antisymmetric matrix of even dimension, which is the 
square root of the determinant: 

Pf 5L(8)R) i|g|| = (detHgll) 1 ^ = ^ klmn P% m q mn q pq , 

(2.15) 

PisL(8,M)\lP\\ = (detlMI) 1 / 2 = ie t , k imn Pg p lJ P M p mn P pq ■ 

The Cartan invariant J 4 (<2) is manifestly invariant under the global SL(8, R) subgroup of 
£7(7) . It is enough to check the invariance under the off-diagonal transformations generated by 
the selfdual £ parameters 

fcp* = E^ kl q kl , S sqij = Z ijkl p kl , (2.16) 

to prove the invariance under the full £7(7) . 

The Julia-Cremmer quartic invariant <0(<2) L5J is defined in the complex basis and can be 
obtained from J 4 by following the recipe given in the paragraph below Eq. (12.41) . which explains 
why it is so similar to it: 



0(<2) = Tr su{8) (QQQQ) - \ [Tr su{8) (QQ)] 2 + \Pf su(a) 1 


\Q\ 




\Q\ 


1 1 



(2.17) 



where 



Tt S u(8)(QQQQ) = QabQ bc QcdQ de 

AD 

Tr S[/ ( 8) (QQ) = -QabQ , 



Pf 1 1 DM — 1 c ABCDEFGHri D D D 



(2.18) 



Pfst/(8) 1 1 Q\ I = Pfsc/(8) 1 1 Q\ I , 

and Qab is the complex combination of the electric and magnetic charges defined in Eq. (|2.8I) . 
^> is manifestly invariant under the global SU(8) subgroup of £7(7). Again, it is enough to 
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check the invariance under the off-diagonal transformations generated by the complex self-dual 
£ parameters 

SxQab = ^abcdQ , <5eQ = £ Qcd, (2.19) 
to prove the invariance under the full £7(7) , but this follows from the invariance of J 4 , as observed 
in the paragraph below Eq. (I2.4I ). 

It was argued in that Ja{Q) and <)(Q) should be proportional. The precise relation was 
established in J32l 

MQ) = -0(Q). (2.20) 

The detailed proof was presented in 11231 . 

Now let us consider invariants for the central charge Zjj((j), Q). In this case it is enough to 
build manifestly-5'[/(8)-invariant quantities. At the quadratic level there is only one0 

Tr 5C/(8) (ZZ) =Z U Z JI . (2.21) 



As shown in [31 J, this invariant gives the black-hole potential of the FGK formalism [33 J: 

Hh(0, Q) = -Tr sm (ZZ) = \ Q T M (A/") Q , (2.22) 

where 



M(M) EE 



(3 + su-^Us -(jrcrV 



-(J~ 1 ^) A S (J- 1 )^ j (2.23) 

9t AS ee 3fte (A/as) , 3ae = (A^ae) , P" 1 )^^ = 5 A r . 
At the quartic level four E 7 i 7 ) invariants can be constructed from Z tJ , namely 

1i sum (ZZZZ) [Tr su{8) (ZZ)} 2 , Pi sm \\Z\\ , (2.24) 



and the complex conjugate of the latter (the other two are real). In this case we are interested 
in real, moduli-independent, £7(7) invariants and, if any, they should be linear combinations of 
those four invariants. To check the moduli-independence we must take the derivative of the linear 
combination w.r.t. the scalar fields and then use the following identity 

= \VuklZ KL , (2.25) 

which follows from the Maurer-Cartan equations (|1.15t . The Vielbein components satisfy the 
complex self-duality constraint 

Tr> V _ v IJKL - 1 JJKLMNOP-r, n 9M 

\' IJKL) — r — J\ £ ' MNOP ■ (Z.ZO) 



"it should be stressed that the SU(8) indices A, B,C, . . . that we have just discussed are different from the 
SU(8) indices I,J,K,... of the E 7 ^ 7 - j /SU(8) coset of scalars: the former transform under £7(7) as described 
above and the latter always transform via induced SU(8) transformations. This means that, for instance, the SU(8)- 

invariant quadratic expression Z J Zu is E 7 ^ invariant (but moduli-dependent) while the manifestly SU(8)- 

invariant quadratic expression Q Qab is moduli-independent but not fully E 7 ^ invariant. 
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This constraint should be compared with Eq. (12.4b . 

Observe that the covariant derivative Eq. (12.251 ) of Zu has the same structure as the £ 
transformation of Qab Eq. (12.191) with the complex self-dual parameter Y>abcd replaced by 
the complex-selfdual Vielbein Vukl- This means that, if we construct an £7(7) for Q in the 
SL(8,M), then we can construct another in the SU(S) basis replacing by Qab and p^ by 

AB 

Q and then, replacing everywhere Qab by Zu, with the corresponding change of indices 
A, B,C, D, . . . by I, J, K, L, . . ., we automatically obtain a moduli-independent £7(7) invariant. 
In particular 



0(Z) = Tr su{ 8) {ZZZZ) - \ [Tr su{8) { ZZ )f + l {Pfsu( 8 )\\Z\\ + c.c.) , | (2.27) 



is manifestly £7(7) invariant because each term is separately invariant, and, according to the above 
argument, it is also automatically moduli-independent [1341 . We have used the same symbol 
as for the Cremmer- Julia invariant because, this invariant is formally identical, although the 
transformation rules of the SU (8) indices are completely different. 

Since this invariant is quartic in charges and moduli-independent, it has been argued [31 J that 
(}(Z) is also proportional to <0(<2). The identity can be checked in the vanishing scalars limit. 



To this (zeroth) order in scalars, the components of the symplectic section V/j defined in (11.51) 
are given by 

/"// ih 1 '''" h l]IJ = ^u, (2.28) 

where T^jj are the 5*0(8) gamma matrices, and, then, the components of the central charge 
matrix are given by 

= i$5 (p* - , (2-29) 

which is nothing but Q , defined in Eq. (12.81) . written with indices /, J. Then, the scalar 
independence of the whole expression extends the identity to arbitrary values of the scalars. 



2.2.1 "Linearization" of the quartic invariant 

In non-associative algebras the process of "linearization" (sometimes called "polarization") is 
defined as follows: given a homogeneous polynomial p{x) of degree n, the process of "lineariza- 
tion" is designed to create a completely symmetric multilinear polynomial p'(x 1 , ...,x n ) in n 
variables such that the original polynomial is recovered when all the variables have the same 
value x, that is p'{x, ■ ■ ■ , x) = p{x). For example, the full linearization of the cube0 x 3 = xxx 
of degree 3 is 

|, (£1X2X3 + £1X3X2 + x 2 xix 3 + x 2 x 3 xi + X3X1X2 + x 3 x 2 xi) . (2.30) 

Here we are interested in the invariant obtained as the linearization of the quartic invariants. 
A 4-linear invariant q(Qi, Q2, Q3, Qa) such that 

MQ) = g(Q,Q,Q,Q), (2.31) 

12 A convention for products of more than two elements (right a; 3 = xxx = x(xx) or left association x 3 = xxx = 
(xx)x is understood to have been chosen, the particular conventions are irrelevant in our discussion. 
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was explicitly constructed in [35] in a form based on Freudenthal triple systems. The lineariza- 
tion of Ja(Q) is obtained by averaging over all the permutations of the four entries: 

A(Qi, Q 2 , Qs, Q*) = i.Yl ^ 2l -> Q2 -> Q3 -> Q ^ ' (232) 

TreS 4 

and satisfies 

UQ) = Ji(Q,Q,Q,Q). (2.33) 

An explicit form of this quartic invariant in the SL(8,M) basis convenient for studies of 
Af = 8 supergravity was given in [23] using the symplectic product and the existence the triple 
product 

56 x 56 x 56 — > 56 , (2.34) 

that we can denote by (Q 1 , Q 2 , Q3) and whose explicit form can be found in [|23l . The resulting 
4-linear quartic invariant is given by 

q(Qi, Q2, Qa, Qi) = ((Qi, Q2, Qs) I Qi) , (2-35) 

and it was shown (indirectly) to agree with the one in 11331 . It can be modified and, in par- 
ticular, symmetrized, by adding products of symplectic products of charge vectors, such as 
(Qi I Q2XQ3 I Qi)- The fully symmetrized invariant can be identified with the linearization 
J'a(Qi, Q2, Qs, Qi) and its explicit form is 

Q2, Q3, Qi) = |Tr 5L(8iR) {pi ■ q 2 ■ p 3 ■ qi + Pi ■ <?3 • Pi ■ <? 2 + Pi • <?4 • P2 • <?3 + (p <?)} 

{[Qi I Q 2 ][Q 3 1 Q 4 ] + [Qi I Q 3 ][Q 2 1 + [Qi I Q 4 ][Q 2 1 Q 3 ]} 
+1 [PfsL(8,R)lbiPaPaP4|| + (p g)] , 

(2.36) 

where we have defined, for convenience, the symmetric product 

[Qi I Q2} = -|Tr SL(8jR) ( Pl -g 2 + (pog)) = | (pi y g 2ii +p 2 ii gi ii ) , (2.37) 
and we are using the notation 

Pf||piP2P3P4|| = ji£ ijklmnOP qiijq2kiq3mnqiopi 

(2.38) 

Pf||?l9293?4|| = ^ijklmnopPlP2 l PT n P°i P ■ 

Observe that the first six terms are the linearization of the first term Ttsl(&,m) (p ■ q ■ p ■ q) in 
the Cartan invariant Ji(Q) Eq. (12.131) . the next three terms are the linearization of the second 
term in J±(Q), \Ttsl(8,«.) (p 4 q)] 2 > an d the last two are the linearization of the Pfaffians. They 
are automatically symmetric, and only one term is needed for each Pfaffian. 

It is important here that each of the four 56's appears linearly in this invariant. By con- 
struction, each term is manifestly invariant by itself under the 63 SL(8, R) transformations 
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parametrized by the A l j of (12.11) . However, the remaining 70 £7(7) transformations parametrized 
by the off-diagonal mix all the terms in J' A (Qi, Q 2 , Q3, Qa) in a non-trivial way, which 
makes the contribution of all the terms necessary to have complete £7(7) symmetry. 

From the point of view of the £7(7) symmetry, the fact that all these terms have to cooperate 
to provide an invariant can be established, of course, by a brute force computation, using (I2.ll ). 
However, since the structure of the invariant has a significant impact on the UV finiteness of 
J\f = 8 supergravity, it may be useful to explain the octonionic origin of this £7(7) invariant in 
the context of the non-Euclidean Jordan algebras, following 11231 1241 and 11361 . For this purpose 
we need to change the basis from the Cartan one, used in (12.361 ) to either the Freudenthal/Jordan 
or the Fano basis. We present some useful information on this in AppendixO 

It is evident that following the rule explained in the paragraph above Eq. (12.271) we can obtain 
the Cremmer- Julia invariant <)(Q) (12.171) from the Cartan invariant J±(Q) (12.131) and using it we 
can get the linearization of the Cremmer-Julia invariant <X(Qi, Q 2 , Q3, Qa) from the lineariza- 
tion of the Cartan invariant given in Eq. (|2.36l ): 

0'(Qi, Q 2 , Qa, Qa) = |Tr 5C/{8) {Q, ■ Q 2 ■ Q 3 • Q 4 + Q x ■ Q 3 ■ Q A ■ Q 2 + Q, ■ Q A ■ Q 2 ■ Q 3 + c.c.} 

-T2 {[Si I 22][Q 3 1 Qa] + [Qi I Q 3 ][Q 2 I Qa] + [Qi I Q 4 ][Q 2 I Q 3 ]} 

+ 1 [PfsU(8)\\QlQ2Q3QA\\+C.C.] , 

(2.39) 

where the Pfaffians and traces have the obvious expressions and the symmetric products are given 

[Qi I Q2] = -fTW(8) \Qi ■ Q2] + c.c. = \ [Qi AB Q 2 ab + ex.] . (2.40) 

Finally, we can also linearize the moduli-independent £7(7) invariant of the central charge 
(12.271) . but the linearization procedure does not necessarily guarantee moduli-independence. 
However, according to the observation in the paragraph above (12.271) . if we replace in the lin- 
earization of the Cremmer-Julia invariant (T2.39t QiAB by Zhj, we immediately get a moduli- 
independent £7(7) invariant expression. Nevertheless, there is an important subtlety we must pay 
attention to: the contraction of "local" SU (8) indices J, J, ... is SU(8) and £7(7) invariant if 
and only if the scalars that occur in the SU(8) matrices are functions of the same variables. For 
example 

2 1U Z 2 IJ = Zu[4>(xi), Qi] Z U [<p{x 2 ), Q 2 \ , (2.41) 

will only be invariant if (f)(xi) = 4>(x 2 ), which, generically, requires that x\ = x 2 . 

When we discuss the construction of £7(7) invariants for amplitudes from graviphoton field 
strengths, this observation will play an important role. 

2.3 Black-hole areas 

According to the general results of [33], the area of the extremal M — 8 black holes is given by 
the value of the black-hole potential Eq. (12.221) on the horizon, where the scalars take values that 
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only depend on the charges^. The resulting expression Vbh(0h? Q) only depends on the charges 
and is, by construction, invariant under £7(7) duality transformations. 

It was argued in [1211 that this area is actually proportional to the square root of the Cartan- 
Julia-Cremmer quartic invariant 

A = 4tV|0(Q)|, (2-42) 
which requires the highly non-trivial identity 

Hh(0h, Q) = -Tr 5C7(8) (Z h Z h ) = \Q T M (A/")hQ = 47rv/|0(Q)|. (2.43) 



2.4 £7(7) invariants in 2-center M = 8 solutions 

In the context of 2-center extremal black-hole solutions there was a complete analysis in 113711 
of the possible -EVp) invariants depending on the two fundamentals Qi and <2 2 that characterize 
each black hole, the analysis takes into account the horizontal symmetry group SL(2, R), which 
rotates the two fundamentals. Seven of them, which are irreducible, we describe below. These 
invariants help to study different physical properties, such as marginal stability and split attractor 
flow solutions with two dyonic black-hole charge vectors. 

There are two invariants which are antisymmetric in Qi and Q 2 - One is the quadratic sym- 
plectic invariant (Qi \ <2 2 ) and the other one is sextic. The quadratic one is related to the total 
angular momentum of the 2-center solution: in J\f = 2 theories the angular momentum of 2- 
center solutions is given by the symplectic product of the charge- vectors <2 ii2 of the two centers 
(see, e.g., |[38ll) 

J = <Qi\Q a )¥^{, (2-44) 
Fi - x 2 \ 

where xi j2 are the "positions" of the horizons of the two black holes in the transverse Euclidean 
3-dimensional space. The Dirac-Schwinger-Zwanziger quantization condition can be applied im- 
mediately to it, implying the quantization of the total angular momentum. The same expression 
must be valid in M = 8 supergravity0- 

The are also five different E 7 ( 7 ) invariants depending on Qi and <2 2 so that at Q 1 = Q 2 they 
all reduce to the familiar quartic invariant. They are usually described in terms of the so-called 
K-tensor which is totally symmetric in its 4 symplectic indices^ 

^MNPQ = IK(MTVPQ) , (2.45) 

and can be defined by its contraction with four different fundamentals: 



K M npqQiQ2 N Q 3 p Q 4 q = A(Qi, Q2, Qs, Qa) ■ (2-46) 



13 At least, for the supersymmetric ones. 

14 It follows from Eq. (4.40) of [30|, which is identical to the equation that appears in AT = 2. 
15 each symplectic index M, N, ... is equivalent to a pair of indices A, E, . . . each of which is equivalent, in turn, 
to an antisymmetric pair of SL(8, R) indices [ij]. 
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The five quartic invariants relevant for the 2-center solution listed in [37 ] are, then 



1+2 


= K MNPQ Q 1 M Q 1 N Q 1 P Q 1 Q = 


A( 


[Qi, 


Qi,Qi,Qi) 


= J 4 ( 


Qi), 


1+1 


= K MNPQ Q 1 M Q 1 N Q 1 P Q 2 Q = 


J' A [ 


:qi, 


Qi,Qi,Q 2 ) 


? 




h 


— ^MNPQQl M Ql N Q,2 F ' 0.2® — 


J' 4 [ 


:qi, 


Qi, Qa, Q 2 ) 


? 




1-1 


= ~KmNPqQi M Q.2 N Q,2 F 0,2® = 


J' 4 ( 


;qi, 


Q 2 , Q 2 , Q 2 ) 






1-2 


— ^MNPQQ2 M Q-2 N Q-2 F 0-2® — 


A( 




Q 2 , Q 2 , Q 2 ) 


, = J4 


(Q 2 ) 



The explicit expression in (12.361 ) detailing (12.461) will prove very useful, since it will allow 
us to deduce the specific properties of the four-linear invariant and to compare with amplitudes. 
These properties can be traced to the fact that in groups of type E7 the quartic invariant is not 
a perfect square, whereas in the degenerate groups of type E7 they form a perfect square, see 
[fT71[T8l for more details. 

3 New four-linear E 7 ( 7 \ invariants and 4-vector amplitudes 

For the £7(7)- symmetric quartic in vectors local action we need 4 different fundamental 56 de- 
pending on 4 different momenta^ 

A o 

T ^(p 7 ) = (^(pA-iGijipflr'AB, 1=1,..., 4, Pl+P2+ P3 +P, = 0. 

(3.1) 

where i, j = 1, • • • , 8 , A, B — 1 , • • • , 8. 

Using the linearization of the Cartan invariant (I2.361 ) we can construct an Ej^ -invariant 
Lorentz tensor with 4 pairs of antisymmetric indices depending on the 4 momenta pf. 

0(8) = 0(8) [Mi^i][M2^][M3^][M4f4](Pl ; P2,P3,P4) = 0' (pi) , ^> 2 i/ 2 fe) , Ffiava {Pz) , ^m.V4 (jP*)] ■ 

(3.2) 

It remains to make this expression Lorentz invariant. 
3.1 Taking care of Lorentz invariance 

To make (|3.2I) Lorentz invariant we must contract the 4 pairs of antisymmetric Lorentz indices 
with another scalar- and vector-independent Lorentz tensor. Which tensor should we use? 

We may view the new duality-invariant Born-Infeld models with higher derivatives IfTTI as 
the reduction from £7(7) symmetry to U(l) and, in the corresponding manifestly Z7 (1) -invariant 
initial source of deformation, the 4 pairs of antisymmetric Lorentz indices are contracted with the 

16 As discussed above Eq. (12. 4U . in princple we cannot use graviphoton field strengths depending on different 
momenta to construct £7(7) invariants. However, in the vanishing scalar limit the expressions that we will obtain 
can be reinterpreted in terms of graviphoton field strengths, see Eq. ( 13.121 ). 
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tensor. This tensor, whose definition and properties are described in Appendix El is totally 
symmetric in four pairs of antisymmetric indices. This fact suggests that we must use t^ 8 \ In 
such case, the expression which is both Lorentz- as well as £7(7)- invariant is 

X f = t^-0{ 8) f(s,t,u) (3.3) 
where f(s, t, u) is an appropriate function of the Mandelstam variables and 

t^-0 { s)=t {8)abcd O ( s )abcd , (3.4) 

where we have replaced each pair of Lorentz indices by a single Latin index a, b, . . ., a notation 
explained in AppendixEl It is of crucial importance here that the function f(s, t, u) only occurs 
as a common factor of all the terms in <0( 8 ) , because, otherwise, the £7(7) symmetry would be 
broken. Thus, (13.31) is our candidate for to manifestly £7(7) -invariant source of deformation. 

The detailed form of the invariant (13.31 ) is complicated. The expression can be simplified 
using the following property, derived in Appendix |B] 

t^ abcd A a B h C c D d = ATv L (A + B + )Tv L (C-D-)+ATr L (A + C + )Tv L (B-D-) 



+m L (A + D + )Tr(B-C-) + (+<+-). (3.5) 

where Tr L stands for the trace over the Lorentz indices. Observe that only terms with the con- 
traction of two selfdual nd two antiselfdual tensors occur. 



3.2 Comparison of the unconstrained E 7 ^ invariants with the countert- 
erms and 4-vector amplitudes 

The structure of the UV-divergent 4-vector amplitude is obtained by using the linear twisted 
self-duality constraint on the manifestly E 7 ^ invariant source of deformation. In our case it 
means that we have to use a condition Ga + = AFasF^ + presented in Eq. (11.31 ) and where the 28 

A ->■ [ij). 

If we are interested only in the 4-vector amplitude, we can linearize the vector kinetic matrix 

A/" AS 

A/" as = -i5 AE + 0{<f>) , (3.6) 

and, to the lowest order in scalars, 

C, ■ - >l :iJ ■ ■ (3.7) 

so, in the complex 577(8) basis (12.51) 

T AB ~ ^F^+T^ AB ~ -^Gij+T^AB = T AB+ . (3.8) 

This implies that 

A p 

T =Jab + = 0, (3.9) 
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which, in turn, implies that the E 7 ( 7 ) transformations (12.31 ) reduce to global 577(8) transforma- 
tions 

57 AB+ = +2M%T clB] + , 

(3.10) 

^ab" = — ^^- C \a\^c\b\^ , . 

Furthermore, using the expression of the the components of the symplectic section Vjj in this 
limit, given in Eq. (12.281) . we find 

•//./- 7^ (/••'' -'^,)r''/.,. (3.ii) 

which can be compared with (I2.51 ). Then, at this order, taking into account the above results, the 
"local", lower I J and "global" upper AB indices can be identified and, in particular, 

T IJ ~^=F l > + Vi AB ~T AB+ , => T U + ^7 AB+ . (3.12) 

The consistency of this identification is guaranteed by the comparison between the constraints 
(11.141) and (13.91 ) and by the fact that, at this order in scalars, T 7 only transforms under global 
SU(8) transformations (13. 10b . just like the graviphoton (to this order in scalars). Observe that 
this implies that, again to this order, expressions like 



-2 AB - 



Trsc/(8) (^Fi F2) — T 7 ! AB J^2 

(3.13) 

Trs;y(8) (pi T^T^ t\ J = J z iAB~^ Z 2 BC+ J z ?,CD~^i DA+ , 

etc. are fully E 7 i 7 ) -invariant. 

The 4-vector amplitude in J\f = 8 supergravity, being the MHV amplitude, is proportional to 
the tree amplitude, up to a polynomial in Mandelstam variables. Actually, according to Eq. (3.5) 
of lfl"3~1 . the tree-level 4-vector amplitude is given by 



b- AB b- CD b EF b G + H ) = -(l2)>[34f 



If EF X GH , 1 r GHx EF , r FGr i?B 

T^AB <JCD H 0AB ^CD + ~*AB OCD 

t U S 



(3.14) 

Here 8ab ef is me antisymmetrized product of gammas with weight one, taking the values 0, 1 
and —1. The first two terms correspond to 

51/(8) (T 7 ! 7 r 3 ) Tr5 C / (8 )(7 : 2 ) = T 7 ! ab7 7 3 7^ cd7 7 4 , (3.15) 

and ^ 

Tr5T/(8) (T 7 ! 7^4 ) Tr5 C /(8)(7 7 2 7 7 3 ) = T 7 ! ab7 7 4 7^ cd7 7 3 , (3.16) 

while the third term corresponds to 

Tf5c/(8) (7 7 r7 7 37 7 2 "7 7 4 ) . (3.17) 
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The 3-loop 4-vector part of the counterterm is related to the three-loop on shell amplitude by 
multiplication by the global factor stu. This is shown in Eq. (5.1) of IfTSI as 



M^^ab^cd^ e + F M H )w = -k 4 (12) 2 [34] 2 [su6 AB EF 6 CD GH + st6 AB GH 6 CD 

+tu5 AB FG 5 CD HE ] . 
In coordinate space the 4-vector amplitude may be given in the form 

2Tr su{8) (d^d v F- aP T + . p ) Tr sm [d^~^d v T 
+Tr sc/(8) ^d v F- aP d»T + ^~ a ^F + ^) +c.c. 

= 2d,d v T~ AB a ,T + A \,d^- CD ^T + CD a " 
+d»d v F- ABa ^T +BC ^- CD ^d»T +DA ^ + c.c. 

= 2Tr L (d^- AB d^- C D)Tr L (T +AB d»T +CD ) 



EF 



(3.18) 



(3.19) 



DA\ 



J +C.C. . 



where Tr L stands for the trace in the Lorentz indices that are not shown, which is close to the 
one given in [fT4l . 

It is clear from (|3.18l) that the terms with different SU(8) index structure have different 
dependence on the Mandelstam variables. This is not possible if one uses our candidate for 
£7(7) -invariant source of deformation. As shown in (13.41 and (13.31) the 4-linear E 7 r 7 \ invariant 
only admits a function of Mandelstam variables that appears as a factor, common to all the 
£V(7) and SU (8) structures. Therefore the manifestl y -fi Vm invariant candidate for the source of 
deformation is in disagreement with the counterterm^ In other words: the counterterm is £7(7) 
invariant, as discussed above, but it cannot be obtained from the E 7 ^ -invariant initial source 



of deformation (13.41) . This rules out the 4-linear forms built from 4 fundamentals, as a possible 
source of deformation in N = 8 supergravity. 



17 If one tries to get the counterterm in position space via the invariants 

t& ■ 0(g) (d„F, d u F, d»T, d v T) , . (8) {dpd v T, d v F, d»F, F) , t (8) • (8) (d„d v F, d»d»F, J 7 , F) , 

(3.20) 

one immediately sees that one finds additional terms required by invariance under the off-diagonal part of £7(7) that 
are not present in the counterterm. 
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4 Reduction to smaller, non-degenerate and degenerate groups 
of type El 

Here we would like to study the cases with smaller duality symmetry group, for example the case 
of J\f = 4 supergravity with SL(2, R) x 577(4) duality, representing the non-degenerate group of 
type E7, and the case of Born Infeld model with derivatives with U(l) duality, without scalars, 
representing the degenerate case of group of type E7. 

4.1 Reduction to SL{2, R) x SU(4) 

In our first example we consider the reduction of the £7(7) duality group of N = 8 supergravity 
to the SL(2, R) x SU(A) duality group of pure Af = 4 supergravity. This duality group is of 
type E7, a class defined by Brown in [17] and studied in the context of extended supergravities 
in lfi~8~ll . The reason for our interest in J\f = 4 supergravity is the recent computation of the 3-loop 
four-particle amplitude in this theory, which was found to be divergence-free in [|3). 

To get pure J\f = 4 supergravity from J\f = 8 we restrict ourselves to the SU (4) x SL(2, R) 
subgroup of £7(7). By restricting the range of the indices in the 56 of £7(7) (i™ , Gy) to i,j = 
1, • • • , 4 we get the (6, 2) of SO (6) x SL(2, R): F ij and G tj as SO (6) ~ SU(4) antisymmetric 
tensors and the pair (F, G) transforms as an SL(2, R) doublet. We can also use a complex bassis 

T AB ( PI ) = jjj (Fffa) - iG^pj)) r« AB , (4.1) 

where now A, B = 1, • • • , 4. In this basis, the SU (4) x SL(2, R) invariant is given by Eqs. (|Q>.(|33T) 
and (E31)- 

With the same restriction in the range of the indices, the rest of the formulae discussed in 
the previous sections, and in particular the invariants J' 4 in (12.361) and <0' in (12.391 ), reduce to 
equivalent formulae for the J\f = 4 case. The Pfaffian terms in the N = 8 invariants (12.361 ) and 
(12.391) drop since in J\f = 4 model the totally antisymmetric 8-rank tensor required in Eq. (12.381) 
is absent. However, the trace of four operators in the first and second line and the square of the 
trace of two operators in the third line (both in (|2.36t and (12.391) ) remain independent. This is a 
property of the groups of type E7 ffTTlfTBl . The quartic invariant is not a square of the quadratic 
one since the symmetric bilinear form does not exist@ Therefore, the term with the trace of 
four operators needs help from the term with the square of the trace of two operators, to form an 
SU (4) x SL(2, R) invariant. Each of these terms is separately SU^A) invariant, but only together, 
in the combination shown in Eqs. (12.361) or (12.391 ). they are SU(4) x SL(2, R) invariant. 

Having constructed the new SU(A) x SL(2, R) invariant relevant for amplitudes, we may now 
proceed with the same procedure we used for J\f = 8 amplitudes and described in the previous 

18 In d = 6 maximal supergravity there is a 3-loop divergence |]2]. This requires a separate detailed investigation 
in the context of the SO(5, 5) duality symmetry of this theory. However, as a comment to this investigation of d = 4 
extended supergravities, we would like to point out that SO(5, 5) is not a group of type El . It has a symmetric 
bilinear form since there is a constant SO(5, 5) metric, as in any orthogonal group. This suggests that the extension 
of the comparison of duality invariants with tensor field amplitudes made in this paper to the d = 6 case may 
yield different results, in line with other models of degenerate groups of type E7, when the restoration of duality is 
possible via the deformation procedure of tl9l [TOl. 
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sections. It is easy to see that all the steps leading to the conclusion that the amplitude disagrees 
with the invariant in the N = 8 case remains valid for N = 4 supergravity. 



4.2 Reduction to U(l) with no scalars 

The source of deformation used in ifTTI for the case of the open string or the D3 brane 1-loop 
corrections [f26], depends^ on T = F - iG and T = F + iG so that 



X 



A 



(8) 



24 abed 

A 



2<9 M T + a d»T~ b d v T + c d u T~ d + d fl T +a d u T~ b d^T + °d v T~ d 



2 4 



(8) 
abed 



daT' "d^T- b d v T ' "d v T~ d + 9«T T "d v T~ 6 W "d u T 



+ c P)Urp— d 



(4.2) 



+d„T + a a v T" h d v7 T r c d»T- d 



where we have used the full symmetry of t^ 1 in the a, b, c, d indices. This expression corresponds 
to 



(8) 
abed 



T^"( Pl )T- b (p 2 )T +c (p 3 )T- d (p,) ( S 2 + t 2 + u 1 



(4.3) 



in momentum space. 



If we start with the £7(7) invariant 



t (8) -0 ( 8) {dpT&T^T.&'T) 



(4.4) 



and reduce it to Z7(l), the Pfaffians vanish and all the traces become ordinary products and the 
invariant reduces to exactly (14.21 ) after identification of T with T, which is the manifestly £7(1)- 
invariant source of deformation used in IfTTI. Using the linear selfduality constraint 



T" 1 



0, 



the expression collapses into 



S« = A / d 4 xt { !Ld„F a d^F b d v F c d, J F d . 



2 1 



abed ,1* 



(4.5) 



(4.6) 



This confirms that the source of deformation when linear duality constraint is imposed, reduces 
to the correct quantum correction to the 4- vector amplitude from open string or D3 branes. 

In the U(l) case the amplitude has no internal indices, which brings the expression to the 
following one 

M 4vec (b-,b~,b + ,b + ) = A(12) 2 [34] 2 [su +st +tu] . (4.7) 
This expression is in agreement with the one in IfTTI . (compare with Eq. (4.2) there). 
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In HU T is denoted by T* 
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5 Discussion 



Here we will discuss shortly the two prototypes of relations between UV divergences and du- 
ality^] which came to light as a consequence of the studies performed in this paper. The first 
one has to do with computations in Il26ll and G71 where certain UV divergences were found, in 
agreement with duality symmetry. The second one has to do with computations in [1J and in 
where the UV divergences were not found, in agreement with duality current conservation. 

As an example of the first prototype consider the computation of the one-loop corrections to 
the ^-symmetric D3 brane action performed in [|26l . The action consists of 2 terms, the Born- 
Infeld one and the Wess-Zumino one. After gauge-fixing the local /{-symmetry the bosonic part 
of action, up to 4th order in fields is given by (Eq. (37) in [1261 . 

4i+wz = -\F,„F^ + ^(F^ X F XS F S ^ - J( V) 2 ) + • • • (5-D 

where the terms indicated by the dots depend on 6 scalars, vectors and fermions. Note that the 
term quartic in vectors is 

r^ur r\sr 4 yr fiu r ) _ r 4 yr j — 4! i^^^^^^-T r r r 

(5.2) 

The 1-loop UV divergence in d = 4 Feynman graphs was computed in [|26l . with the result 

- (£^(* 2 + * 2 + « 2 )e 1 , 2 ^3^, 4 ^"KPi)^-^p 2 )^^nP3)^-( P 4). (5.3) 

The fact that the expected UV divergence does show up in this computation may be inter- 
preted here as follows: 

Whenever the candidate counterterms may violate the NGZ duality current conser- 
vation, but the complete deformation procedure of /[Pl liOl/ adding higher order terms, 
restoring duality, can be performed, the expected candidate counterterm is not for- 
bidden and there is a UV divergence. 

The particular case of the Born-Infeld model with higher derivatives and U{\) duality was 
worked out in ffTTTl and the existence of the procedure of reconstructing the Noether-Gaillard- 
Zumino current conservation was demonstrated when higher order terms were recursively pro- 
duced. 

In a related computation performed in [27] one starts with a manifestly N = 2 supersymmet- 
ric d = 4 BI action and computes the 1-loop UV divergence using the quantization in terms of 
J\f = 1 superfields. The Feynman supergraphs computation yields the expected UV divergence 
which takes the manifestly M = 1 supersymmetric form 

eft i n 

^y 2 -(s 2 + lt 2 )W\l,2)W 2 (3,4). (5-4) 
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Recently the issue was raised in ||39l as to whether duality symmetry has to control the quantum theory. 
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Its bosonic part, due to the complete symmetry of F A — \{F 2 ) 2 in s, t, u variables, is shown to 
be proportional to an expression given in (I5.31 l. The existence of a 1-loop UV divergence in this 
case, again, is supported by the construction of U(l) duality invariant manifestly supersymmetric 
actions in lfi~2l where the first quartic term would violate the duality current conservation but 
higher-order terms produced algorithmically restore the Noether-Gaillard-Zumino identity. 

From this perspective our work suggests the following possible interpretation of the fact that 
J\f = 8 and J\f — 4 supergravities are UV finite at the 3-loop order: 

Whenever the candidate counterterms may violate the duality current conservation, 
and there is an obstruction for the complete procedure adding higher order terms 
restoring the Noether-Gaillard-Zumino current conservation, the expected candidate 
counterterm is forbidden and there is no UV divergence. 

In this paper we have produced evidence that in the supergravities whose duality group is 
of type El, with J\f = 8 and M = 4 as explicit examples, the deformation procedure of [|9] 
[TOl ITT1 [121 required for the restoration of the duality current conservation seems to encounter 
an obstruction: the existence of a superinvariant initial source of deformation depending on 
unconstrained doublets of electric and magnetic field strengths, which is the cornerstone of the 
whole procedure, seems to be incompatible with supersymmetry. 

The evidence consists of two separate independent parts. 

First, we have used the superspace construction of [fi~5l [i~6l which provides the candidate 
counterterms and we have tried to promote them to initial sources of deformation. We have found 
that relaxing the linear twisted self-duality in superspace violates the integrability condition for 
the existence of the superspace 56-bein. In such case, the proof that the graviphoton superfield 
is manifestly E 7 ^, invariant becomes invalidated. 

Secondly, we have used the fact that E 7 ^ is based on exceptional Jordan algebra J® s over 
the split octonions 0$ [|23ll24l to construct new £7(7) invariants relevant to amplitudes and coun- 
terterms. When we compare the new invariants with the candidate divergent supergravity am- 
plitudes, we find an inconsistency: the dependence on Mandelstam variables interferes with the 
internal structure of a generalized E 7 r 7 \ quartic invariants which we have constructed. Namely, 
the trace of four operators and square of the trace of two operators inside the invariant acquire 
different dependences on s, t, u in the 4-vector amplitude. This breaks E 7 ^ invariance: there is 
no initial source of deformation with required properties, no consistent deformation procedure 
and no UV divergence prediction. This agrees with the 3- and 4-loop computations of flUEl f° r 
J\f = 8. The same argument works for all groups of type El, as long as they are not degenerate, 
which includes the duality group of the pure J\f = 4 theory. This leads to a prediction that there 
is no UV divergence, in agreement with the the 3-loop computations in 0. 

In the reduction to U(l) the new E 7 i 7 \ invariants reduce to the ones considered in the Born- 
Infeld models with higher derivatives of [11]. In that case there is no difference between the 
internal symmetry trace of four operators and the square of the trace of two operators and the 
functions of the Mandelstam variables do not introduce any discrepancy. There is a manifest 
£7(1) duality source of deformation with the required properties, there is a consistent deformation 
procedure and there are UV divergences, as shown in [26 1 and fl2"7ll . 
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In the future, hopefully, there will be more computational examples and theoretical studies of 
the role of duality symmetries in quantum theories, like [|39ll4"0"ll . to test the ideas of this paper. 
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A On J\f = 8 superspace, counterterms and candidates for 
initial source of deformation 

The on-shell superspace of M = 8 supergravity was constructed in lfl"5l [T6l . The non-linear, 
geometric invariant counterterms, starting from the 8-loop order, were proposed in [25 j. For 
example, for the 8-loop order one has 

S s ~ k u J d A x « BerE X UKa(x, 9)x IJK "(x, 9) X MN L a (x, 9)x MNL a (x, 9) . (A.l) 

Here 

T I&J$,Ka( X > °) = e&ftXlJKaix, 9) (A.2) 

is the superspace torsion superfield whose first component is a spinor field XiJKa{ x )- The ex- 
istence of a generic L-loop counterterm where the superspace has a well-defined SU(S)- and 
Lorentz-covariant derivatives D a , D a i and D aa , is based on the fact that the superspace con- 
struction provides a solution of geometric Bianchi identities. Therefore one can increase the 
dimension of the counterterm easily by inserting covariant derivatives and using more torsions 
and curvatures in the superinvariants analogous to (IA.lt . 

To promote this construction to the level of the source of deformation [|9l [101 of the linear 
twisted self-duality constraint, valid in classical theory, we have to relax the linear twisted self- 
duality constraint. This requires to clarify some subtleties in the superspace construction lfT5l[T6l . 
which were not important in the past. 

The basic variables are the (super-) vielbein E M A and the SL(2,C) x SU(S) connection 
VL M a b from which the torsion Tab c an d the curvature Rabc D are constructed in the usual way 
and satisfy, from their definitions, the following Bianchi identities: 

dt a = e b A Rb A^ DRb A = q (A3) 
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Notations and conventions are the same as in [[T6l except for the SU (8) indices that we denote 
by capital I, J, . . . instead of lowercase In particular, the tangent space rotation is 

SE A = E B L A B ) (A.4) 

where the matrix La b is 

L a b = —Lba , L a p = \{<J ab ) a pL ab , La- = S J j L a +5J 3 L J j , Lj J = — L J j , Lg- = —(Ljt) . 

(A.5) 

The summary of this part in Section 4 of [fl~6l is that a complete solution to the geometrical 
Bianchi identities can be given in terms of the following set of covariant superfields: 

XaiuK], S (7J) , iVg#, G a p/ , H 1 ^. (A.6) 
These superfields appear in the superspace torsion as follows, in addition to (|A.2I) 

T a a,p\% = i(tapM a ^ + ea^N^p + e a pe a ^S JK ) , (A. 7) 

where 

M a p LJ = \Df MlJK (A.9) 

and 

= -^vv (a. io) 

The components of the super curvature satisfy the Bianchi identities. 

To identify the scalars and vectors in J\f = 8 superspace there are two options. 

1 . In [fT5ll it was suggested to use the "somewhat specious" Bianchi identities as they have 
additional terms over and above the normal ones. The goal was to make a local U(l) 
compatible with local SU (8) and global E 7 ^ and at this point they introduced a "non- 
geometric" 1-form P and a 2-form F in their Table 4 on p. 271, so that in the end they 
provide a 56-bein in superspace. 

This reminds the 1 1 -dimensional superspace construction HTI where in addition to ge- 
ometric torsions and curvatures a 3-form gauge superfield A and the 4-form F = dA 
supercovariant field strength were introduced, and in the end all component structure of 
11 -dimensional on-shell supergravity was presented in a superspace via a single super- 
field. 

2. The second option, explained in Section 8 of lfT6ll is to introduce additional 28 complex 
bosonic coordinates and assume that superfields do not depend on these new coordinates. 
However, the existence of these coordinates provides new components of torsion and cur- 
vatures. This, in turn, gives a geometric interpretation to the 1-form P and the 2-form F 
and to the identities they have to satisfy. In this second option the identities for the 1-form 
P and the 2-form F become the standard torsion-curvature Bianchi identities in this ex- 
tended space. Since this version leads to the same results, we will only discuss the first 
one. 
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Thus, we start with the end of Section 4 of [16 1 where only the geometric Bianchi identities 
were solved. This leaves us with a solution for the torsions and curvatures expressed via the 
unconstrained superfields X[iJK] a , S^ IJ \ N^, G 1 ^, H 1 ^. 

At this point the theory is not on shell (it is possible to continue with off-shell conformal 
M < 4 supergravity or on shell Poincare). However, in J\f = 8 case the scalar fields are not 

present and M a pu, is not yet the field strength for a spin-1 field. We now move on to 
Section 8 of lfT6l to explain the origin of scalars and vectors in the superspace. 
We identify the scalar curvature in SU(8) direction 

R IJ KL = 26 [I [K R J] L] , (A.ll) 

where R 1 k is one of the components of the SX(2, C) x SU(8) curvature defined in the tangent 
space in Eqs. (IA.4I) . (IA.5I) and determined in terms of superfields X[UK]a, SV J \ iVgg, G 1 ^, H* a$J 

m ma. 

We now additionally require that 

R U kl = -P IJMN APklmn (A.12) 

where the 1-form Purl is a new object not present in geometry such that 

DP IJKL = 0. (A.13) 

These two equations above serve the following purpose: (IA.12I) . (IA. 131) are integrability 
conditions for the existence of a 56-bein in a superspace. A 1-form £1 with the properties 

/ ^KL -P UKL \ 

Cl= , dtt + ttAn = 0, (A.14) 

\ —PlJKL &>IJ KL / 

is postulated to exist. Here the connection 1-form is VL IJ KL = 25^\k^I j ^ l]- If Eq. (1A. 141) is valid, 
the existence of a 56 x 56-dimensional matrix S E E 7 ^ such that 

n = -S~ 1 dS, (A.15) 

is guaranteed. 

Cl is a superspace vielbein, a bridge between the local SU(8) and the global £7(7). The scalar 
fields are described by S. 

Then, a 2-form F/j, F not present in the geometry and such that 

If T 

DFjj = F AP KL u, (A.16) 
is introduced. The choice to solve this one is lfT6ll 

KIkl = -2ie aP 5 IJ [KLh (A.17) 

F aa,pJ,KL = ^a^XJKLa, (A. 18) 

F a*miJ = -^apM^U-^apN^j, (A. 19) 
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and conjugate, the rest vanishes. For example, 



F U ■ 



7 IJ 



tU 



(A.20) 



To solve (IA. 131) and (IA.16I) one finds according to [fT6ll that 

PaJKLM - 26 [jXKLM]a , 
PaalJKL 



(A.21) 



and 



where 



V (aX 13) 

jjl JKLMNa 
a A 

M IJKLMN 



— 2-Da[lX.JKL}a 



]\/r IJKLMN 

Ma/3 



_^I[JK ^LMN]a 



— e IJKLMNPQj^ 



X 



IJKLMa 



a/3PQ , 



JJKLMNPQ^, a 

e Xnpq 



(A.22) 



(A.23) 



At this point M a/3 /j is identified as a self-dual SU(8) covariant vector field strength and the 
anti-self-dual one, N^gjj is arbitrary. This is what we need since the linear twisted self-duality 



a/3IJ 

condition in absence of fermions requires that 



N IJ 







(A.24) 



and we have 28 M a/3I j and the conjugate 28 M a a. Relaxing the linear twisted self-duality 
condition in absence of fermions simply means that NH and its conjugate are unconstrained. 

When there are fermions present, the linear twisted self-duality condition is reduced to the 
requirement that the superfield N^j is a particular function of the fermion superfield XiJKa, as 
we will see below. 



A.l Consistency check 

So far, the superfield N^pjj which appears in the unconstrained SU(8) vector field strength in 
Eq. (1A.20I) was not required to satisfy any constraints. But we have not yet checked Eq. (IA.1 II) 
which is equivalent to Eq. (IA.5I) . It means that the computation of the curvature R 1 js done in 
the first (geometric) part (before the scalars and vectors were introduced) in Section 4 of lfT6l . 
has to be used. In Section 4 all geometric identities (in a smaller space) were satisfied with 
and arbitrary, unconstrained, N^ajj, and all the answers for R 1 j are given. We have to extract 
the value of R 1 j from there and plug it into the integrability equation for the existence of the 
superspace 56-bein Eq. (IA.121 ) via Eq. (IA.1 It . This is Eq. (8.17) of [fT6ll and it requires that R 1 j 
computed in Section 4 is compatible with existence of the 1- and 2-forms so that Eq. (|A.12I) is 
satisfied. But since R 1 j depends on the unconstrained N & gjj and it is part of an unconstrained 
vector field strength (|A.201 ). we have a chance to see if it is consistent with identities to keep 
N^qjj unconstrained, i.e. to relax the linear twisted self-duality constraint. 
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The vector- vector part given in Eq. (4.42) of H61 

R a a,/3p K L = £a/3 X »p K L ~ e a ^X & p L . (A.25) 

The expression for X a p K L and its conjugate can be extracted, in principle, from f[T6l . It 
depends on the superfields x, S, N, G, H and their covariant derivatives. This dependence 
is complicated and it is not clear if one can make it useful. For example, if we tried to find 
the value of the bosonic part of X a p K l with iV unconstrained, we may or may not find a 
restriction on N . 

Meanwhile, in the bosonic case, one simply constructs the bosonic 56-bein from scalars, 
as in d5l O- Therefore, there is no need to provide the integr ability conditions for its 
existence. But this procedure may not be the same as extracting the bosonic terms from the 
superspace. So, we leave this part for future studies and proceed to study other components 
of the curvature. 

The spinor-vector part is in Eq. (4.26) of IfTBI and, since it is fermionic, we cannot use the 
simple approach without fermions. Furthermore, it is rather messy with account of the 
gravitino superfield. So again, we leave this part unfinished and proceed to other study 
components of curvature. 

The spinor-conjugate spinor part is given Eq. (4.19) of [[T6ll . But it only depends on G, H and 
ot depend on N . It appears that both G and H have to vanish in absence of fermions. 

The spinor-spinor part is given in Eq. (4.14) of |[T6ll . it is concise and easy to analyze 

*U: K l = e a ^ L S JK - 5\S IK - B UK L ) + S'tNg + 5 J L N$ . (A.26) 

Here the superfields S and N are unconstrained, while, due to the geometric Bianchi iden- 
tities of Section 4 of E61 B IJK L = \D% 

XiJK a - In absence of fermions, when Xijk° 
and p^ KMN a P^jklm are not available, the r.h.s. of R a g' l should vanish, according to 
Eq. (11.191) . Since each term in Eq. (|A.26b has different symmetry properties, they all must 
vanish, namely in absence of fermions 

S (JK) = - B UK l = N [JK] = Q (A27) 

For the superfields the actual constraint is given by (IA.261 ). taken together with (11.19b in 
the form 

r>I J,K _ _ 1 KMNPQRST -pi pJ /A '"^ 

n a/3, L— 3 . 4! t r uQRST r pLMNP i lA.ZOj 

with account of Eq. (IA.211) . This leads to the following constraints, 

S /J = 0, (A.29) 

N%(x,ff) = -±e IJKLMNPOQ X KLM a XNPQp(x,9). (A.30) 
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The constraints (IA.291 ) and (IA.301 ) in the on-shell superspace of [|T5ll are imposed from the 
start to solve the Bianchi identities (IA.3I) (see Table 2 there). One may have thought that 
they are necessary for the existence of the one-shell conditions, with which we are not 
concerned here. However, we may start with the solution of Bianchi identities in Section 4 
of lfT6l with unconstrained NH, and we would like to keep it that way. However, if we do 
that we find a discrepancy with the integrability condition for the existence of the superspce 
56-bein since (IA.301) follows from (IA.1 11 ) and (IA.121 ) and does not admit any possibility to 
relax it. 

In conclusion, the superspace vielbein does not exist if Eq. (IA.301) is not satisfied. It is not 
clear, therefore, how exactly to proceed with the "deformation program" for J\f = 8 supergravity 
since the known counterterms cannot be automatically promoted to an initial source of deforma- 
tion X: their manifest £7(7) invariance, manifest local supersymmetry and manifest local SU(8) 
symmetry are only valid when the undeformed constraint Eq. (|A.30I) is imposed. 

In the models [|9]| - lfT2l this was not an issue. With a bit of work it was possible to find 
initial sources of deformation with all required symmetry properties, and then it was possible to 
produce new models in an algorithmic way. For example, in [fT2l the manifest J\f = 2 supersym- 
metry was not affected by the deformation of the action. In J\f = 8 supergravity it appears that 
the supersymmetry rules are affected by deformation of the action and to find an initial source of 
deformation simultaneously consistent with (deformed) duality and (deformed) supersymmetry 
is a problem. Knowing how to solve it, one may construct an = 8 Born-Infeld-type super- 
gravity. However, the absence of a solution is an indication of the UV finiteness of M = 8 
supergravity. 

B The tensor 

The components Hodge dual of a Lorentz 2-form A = \A iJuV dx lL A dx v are defined by 

= \t[j,upijA p(T , A = —A , (B.l) 
and those of its self- and anti-self-dual parts are defined by 

A ± = \{A±iA), A ± = TiA ± . (B.2) 
These definitions imply, for any pair of (real or complex) 2-forms A and B: 

AB = BA-\Tr L {AB)t, (B.3) 

AB = -BA+lTr L (AB)t, (B.4) 

A ± B ± = -B ± A ± + \Tx L (A ± B ± )t, (B.5) 

A ± B T = B T A ± , (B.6) 
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where AB stands for A^B V P , 1 stands for 5/, Tr L (AB) stands for etc. 

The tensor is a tensor totally symmetric in four pairs of antisymmetric indices that can be 
defined by its contraction with 4 arbitrary Lorentz 2-forms A, B,C, D: 

t {8) abcd A a B b C c D d = 8{Tr L {ABCD)+Tr L {ACBD)+Tr L {ACDB)] 

-2[Tr L (AB)Tr L (CD) + Tr L (AC)Tr L (BD) 

+Tr L (AD)Tr L (BC)} . (B.7) 

It is convenient to use only one Latin index a, b, c ... to denote each of these four pairs and write 

t {8) abcd instead of t^^^^^ = ^Vi^H^]^]^]- Tnen > in terms of tnese indices, 
t (8) is completely symmetric t {8) abcd = t^ 8 \ abcd) . 

Using the above relations plus the invariance of the trace under transposition and the anti- 
symmetry of the tensors A, B, C, D, one finds the identity 

t^ abcd A a B b C c D d = ATv L (A + B + )Tx L (C-D-)+ATv L (A + C + )Tv L (B-D-) 

+4Tr L (A + D + )Tr L (B-C-) + (+<+-). (B.8) 

That is: the only terms that contribute are those with zero helicity. For the particular choice 
A = B = d^F, C = D = d u F the above identity gives 

t { - 8 \ bcd d ll F a d»F b d u F c d u F d = 4Tr L (^F + ^F + )Tr L (^F-^F-) 

+8Tr L (d f ,F + d u F + )Tr L (d»F-d u F-) + c.c . (B.9) 

We also find 

t {8) abcd d fl F +a d> M F- b d l/ F +c d u F- d = 8Tr L (d fl F + d l/ F + )Tr L (d^F-d u F~) , (B.10) 

t® abcd d tl F +a d ti F + %F- c d"F- d = 8Tr L (d^F + d^F + )Tr L (d u F-d"F-), (B.ll) 
which, combined with the previous identity give 

t ( - 8 \ bcd d fl F a d^F%F c d v F d = 2t^ abcd d^F +a d»F-%F +c d ,/ F- d 

+t^ abcd d^F +a d»F +b d,F- c d»F- d , (B.12) 

which are the initial sources of deformation used in [fTTI . 

Finally, we can rewrite Eq. (IB.9I) up to total derivatives and up to equations of motion in the 
form 

t (8) abcd d fl F a d»F b d u F c d»F d = 32Tr L (F + d^d u F + )7r L (F-d»d»F-) 

+8[Tr L (d fl F + d u F + )Tr L (F-d^d u F^) + c.c] , (B.13) 
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which is basically the expression in [TT4TI reduced to £7(1). 

C i£ 7 (7) and split octonions 

A digression on commutators, associators and triple products 

A product (and the corresponding algebra) is commutative if xy = yx for all x, y. The 
commutator is defined as 

[x,y}=xy-yx (C.l) 

and it measures how far two elements are from commuting: x and y commute iff their commu- 
tator is zero, [x, y] = 0, the algebra is commutative iff all commutators vanish. The role of the 
commutators in Physics is well known. 

The product (and the algebra) is associative if [xy)z = x(yz) for all x, y, z, in which case 
we drop all parentheses and write the product as xyz. It is common to introduce the associator 

[x, y, z] = (xy)z - x(yz) (C.l) 

which measures how far three elements are from associating, x, y, z associate iff their associator 
is zero. 

Some algebras are alternative, for example, the octonions algebra is only slightly non- 
associative is alternative: [xi,x 2 ,x 3 ] = (— ) w [x l7n x 27r , x 3n ] where tt g S3. It means that 
whereas the associator does not vanish, in general, it does vanish when two of its variables 
are equal, for example 

[x, y, x] = (xy)x — x(yx) = , [x, x, z] = (x 2 )z — x(xz) = (C.3) 

The Jordan algebra has a particular associator vanishing (and it is sometimes called power- 
associative for it): 

[x, y, x 2 } = (x o y) o x 2 — X o (y o x 2 ) (C.4) 

Here a symmetric product is defined asxoy = ?/ox and x 2 = x o x. 
Finally, there is a Jordan triple product, defined as 

{x, y 1 z}=xo{yoz)+zo{yox) — {xoz)oy (C.5) 

Split octonions 

For the split octonions, which are relevant to £7(7), one defines the general element 

s = o + otjx + o 2 j 2 + 03J3 + 04J4 + °d S 5 + oeie + °7J7 > ( c - 6 ) 

and 

O s = o - oiji - 02J2 - 03J3 - 04J4 - 05J5 - o 6 je - o 7 f 7 , (C.7) 
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where the rules of multiplication of the seven "imaginary" units are 

jljk Ofd Vklmjm j 3fj,3v "IM> V/J.vmjm j jlj/j, Vmfiuji/ j (C.8) 

where l,k,m = 1, 2, 3, /j, v = 4, 5, 6, 7 and r] ABC , with A, B, C = 1, • • • , 7, is completely 
antisymmetric and given by 

VABC = 1 when (ABC) = (123), (471), (572), (673), (624), (435), (516) . (C.9) 

In particular 

l\ = ll = jl = "I , Uif = Ulf = (Je) 2 = (Jr) 2 = 1 • (CIO) 
For real octonions 

O = o + Oiji + o 2 j 2 + o 3 j 3 + o 4 j 4 + o 5 j 5 + o 6 j 6 + o 7 j 7 . , (C. 1 1) 

and 

O = o - oij'i - o 2 j 2 - o 3 j 3 - o 4 j 4 - o 5 j 5 - oaja - o 7 j 7 , (C.12) 
all the imaginary units square to minus one 

f A = -l, VA=l,---,7. (C.13) 



Therefore, for real octonions 



whereas for the split ones 



Freudenthal/ Jordan basis 



7 



00 = J2°a ( Q14 ) 



A=0 



7 



0°0 s = J20l-J2°c- (C- 15 ) 



C=4 



The fundamental 56 of £7(7) can be repackaged using the Freudenthal triple systems and 
split octonions, as follows. From 28 vectors and 28 dual vectors we separate the zero direction 
from the other 27, in agreement with the decomposition of E 7 ^ via E 6 ^y The decomposition 
involves the so(l, 1) grading 

c 7i7 = c 6i6 + fio(l,l) + p, p = 27_ 2 + 27' +2 , (C.16) 

and p carries the representations of e 6j6 + so(l, 1). The 56 of £7(7) takes the form 



F° F 1 \ fax 
G 1 G° ) => { y 



X= I m no ) =► I a ) • (C17) 
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Here the 3x3 split octonionic Hermitian matrices x and y are elements of the the split 
exceptional Jordan algebra of degree three, J® s . The 27 objects in x and 27 in y are organized 
in terms of 3 split octonions (3x8 = 24) and 3 numbers, each, so that 

/ ai 0{ O* \ 
x= O' fa OH , (C.18) 

and there is an analogous expression for y. 

The four-linear form derived in [35 1 is given by the symplectic product of the triple product 
with the fourth element 

J' 4 [X 1 ,X 2 ,X 3 ,X 4 ] = ((X 1 ,X 2 ,X 3 ),X 4 ) , (C.19) 

where the definition of the Freudenthal triple, (Xi, X 2 , X 3 ), a ternary product, corresponds to 
multiplication of the 3 elements, taken in the form (IC.171 ). (IC.18I) . 

Fano basis 

The fundamental 56 of i? 7 ( 7 ) can be repackaged using the decomposition E 7 ^ D (SL(2,M) J 
[|42l . In such case there is a relation between Alice, Bob, Charlie, Daisy, Emma, Fred and George 
and 7 qubits in quantum information theory. This is also related to the fact that the fundamental 
56 of E 7 (y) can be repackaged into 7 subsets with 8 elements each, as shown in 113611 . 11431 . For 
example, in the notation of 11431 with 

A = (a , a 1; a 2 , a 3 , a 4 , a 5 , a 6 , a 7 ) , (C.20) 



we can write 



G 



'j 



G 


= (i 


5b, gi 


g2,g3- 


g4,g5 


g6,g 7 


), 




(0 


-a 7 


-b 7 


-C7 


-d 7 


-e 7 


-f 7 


-g7\ 


a 7 





fi 


d 4 


-c 2 


g2 


-b 4 


-ei 


b 7 


-fi 





gi 


e 4 


"d 2 


a 2 


-c 4 


c 7 


-d 4 


-gi 





ai 


f 4 


-e 2 


b 2 


d 7 


c 2 


-e 4 


-ai 





bi 


g4 


-f 2 


e 7 


-g2 


d 2 


-f 4 


-b! 





Cl 


a 4 


f 7 


b 4 


-a 2 


e 2 


-g4 


-Cl 





di 


\g7 


ei 


c 4 


-b 2 


f 2 


— a 4 


-dx 


o / 


( 


-a 


-b 


-c 


-d 


-e 


-fo 


-go\ 


a 





f 6 


d 3 


-c 5 


g5 


-b 3 


-e 6 


b 


-f 6 





g(i 


e 3 


-d 5 


a 5 


-c 3 


c 




-g6 





a 6 


fa 


-e 5 


b 5 


do 


c 5 


-e 3 


— a 6 





b 6 


ga 


-f 5 


e 


-g5 


d 5 


-fa 


-b 6 





c 6 


a 3 


fo 


b 3 


-a 5 


e 5 


-g 3 


-c 6 





d 6 


\go 


e 6 


c 3 


-b 5 


f 5 


-a 3 


-d 6 


o / 



(C21) 



(C.22) 



(C.23) 
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This form of the £7(7) doublet was derived from the Coxeter sub-geometry of the split Cayley 
hexagon and using the 7-fold symmetry of the Coxeter graph. In this form our 4-linear E 7 r 7 \ 
invariant (|2.36l ) consists of a set of products of 4 terms where each of the F and G is represented 
by 8 x 8 matrices above. 
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